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Abstract 
Cai, M., A remark on the number of vertices of degree k in a minimally k-edge-connected 
graph, Discrete Mathematics 104 (1992) 221-226. 
Let G be a minimally k-edge-connected simple graph and u*(G) be the number of vertices of 
degree k in G. Mader (1974) proved that (i) uk(G) 2 l(jGl - 1)/(2k + l)] + k + 1 for even k, 
and (ii) uI(G) 2 [lGl/(k + l)] + k for odd k 35 and u,(G) 2 lZlGl/(k + l)] + k - 2 for odd 
k 27, where ICI denotes the number of vertices of G. In this paper we slightly improve the 
result for k being even, i.e., uJG) 2 [IGl/(k + 1)j + k if k 34 and u*(G) 2 [2(Gl/(k + l)! + 
k - 2 if k 3 10. 
All graphs under considerations are undirected, finite and simple. A graph 
G = (V, E) consists of a non-empty set V(G) of vertices and a set E(G) of edges. 
Let [x, y] denote the edge joining vertices x and y. For subsets X and Y of V(G), 
we write 
E(X, Y; G) = {[x, y] E E(G): x E X, y E Y}, 
e(X, Y; G) = IE(X, Y; G)J, and d(X, G) = e(X, 8; G). 
If X is a singleton {x}, we write E(x, Y; G) for E({x}, Y; G). The degree of a 
vertex x of G is denoted by d(x, G). For a non-empty subset X of V(G), G -X 
is the subgraph obtained from G be deleting the vertices in X together with the 
edges incident to vertices in X, and write G[X] = G - X. The number of vertices 
of G is denoted by ]G]. 
The local edge-connectivity A(_v, y; G) of two distinct vertices x and y is the 
maximum number of edge-disjoint paths between x and y. The edge-connectivity 
A(G) of G is defined to be the minimum number of edges whose removal results 
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in a disconnected graph. A graph G is said to be minimally k-edge-connected if 
I(G) = k but A(G -e) = k - 1 for every edge e of G. We write A(G) = 
max{% y; G): [x, Y] E E(G)). 
If r is a real number, ]r] denotes the lower integer part of r. Given a natural 
number n and a graph G, we define CJ~(X, G) = max{O, 2 - [2d(x, G)/n]} for 
x l V(G), o&4, G) = Cxc~ on@, G) for A G V(G) and o,(G) = o,(V(G), G). 
Let G be a minimally k-edge-connected graph and uk(G) be the number of 
vertices of degree k in G. In [l] Lick proved u,JG) > 0. Mader proved 
2r,JG) 2 k + 1 in [2] and the following. 
Theorem 1 [3]. Let G be a minimally k-edge-connected graph. Then: 
(i) u,(G) 3 ](lGl - 1)/(2k + l)] + k + 1 for even k and 
(ii) vk(G) 2 LlGl/(k + 111 + kf or odd k Z- 5 and vk(G) 2 12lGll(k + l)] + k - 
2forodd ks7. 
For the special case k = 2, Zhu [4] gave the best lower bound [(ICI + 7)/4] c 
v2(G) for IGI 2 5. In this paper we slightly improve Mader’s result for k being 
even as follows. 
Theorem 1’. Let G be a minimally k-edge-connected graph and k be even. Then 
Q(G) 2 ]lGl/(k + l)] + k if k 2 4 and Q(G) 3 ]2lGll(k + l)] + k - 2 if k 2 10. 
It is easily seen that to prove Theorem l’, it suffices to show the following more 
general results. 
Theorem 2. Let n be an odd positive number and G be a graph (not necessarily 
being k-edge-connected). Then x(G) 2 n if (2.1) or (2.2) holds. 
(2.1) na5, JGl>n-1 and u,(G)< ]lGlln] +n-2. 
(2.2) n 2 11, ICI s n - 2 and o,(G) C ]2lGlln] + n - 4. 
In order to prove this theorem we need the following four lemmas [3]. 
Lemma 1. Let H be a graph with V(H) = V(G) and let So(H) = {A c 
V(G): [x, Y] E E(H), x E A, y E A, d(A, G) = ;l(x, y; G)}. Then, for every mini- 
mal element A, E So(H) (minimal with respect to inclusion), E(H[A,]) = 0. 
Lemma 2. Let A c V(G) with d(A, G) < n and IA( < n/2, and suppose a E A with 
d(a, G) 2 n and a’ E A with d(a’, G) 3 n. Then there exists a non-empty B c A 
such that IG - BI > n and o,,(G - B) < o,(G). 
Lemma 3. Let A c V(G) with IAl 2 n/2, d(A, G) <n and u,(A, G) <n/2. Then 
there exists an edge [a, a’] E E(G[A]) with d(a, G) Z= n and d(a’, G) 2 n. 
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Lemma 4. Let aI # a2 be vertices of G with d(a,, G) 3 n, i = 1,2, il(a,, a*; G) <n 
and n35. Moreover, let Al c V(G) with al CA*, a2$Al and d(Al, G) = 
I(a,, az; G), and set AZ = V(G) - A,. Then there is a graph G* such that 
JA2) - 1 s JG*J s JA2) + 2 
on(G*) < o,(A,, G) + n/2, 
il(G*) 3 n + X(G) s n. 
Proof of Theorem 2. The proof is a modification of the proof used in [3]. 
Suppose the assertions were not true, we choose G to be a counterexample 
having the smallest possible number of vertices. Our aim is to arrive at a 
contradiction. Set 
U = {x E V(G): d(x, G) 2 n}, E’ = {[x, y] E E(G): x, y E cl}. 
Obviously, U #0 for otherwise IGI c a,(G) s LlGllnj +n -2 (resp. ICI s 
a,(G) < [2/G//n] + n - 4), yielding ICI c n - 2 (resp. JGI c n - 3), a contradic- 
tion. Let us show E’Z0. Indeed, if E’=0, then lolaa as lJf0, n}U(s 
d(U, G) 6 (n - 1) [Ul, implying lU/ < Ir/l. Thus 
lI?j<(7,(G)6 LlGl/nJ +n-2<2)l?)ln+n-2 
(resp. [~/6o,(G)~ L2(C(/nl+n-4<4(0(ln+n-4), yielding io( <n, 
contradicting Iul3 n. 
Set graph H = (V(G), E’). Then it follows from Lemma 1 that so(H) contains 
two minima1 elements Ai and A; with A; fl A; = 0. By the definition of 9G(H), 
there is an edge [xi, y,) E E(H) with xi E Al, y, $A; and d(Af, G) = h(~,, yi; G). 
il(x,, y,; G) <n because of the choice of G. It follows from Lemma 2 and the 
minimahty of G that IAIl 2 n/2. Therefore lA,fj 2 max(3, n/2} as n 3 5, i = 1, 2. 
By Lemma 1, E(H[A,!]) = 0. It follows from Lemma 3 that o,,(Af, G) ?n/2, 
i = 1, 2. Thus u,,(G) 3 o,(A;, (G) + o,(A;, G) 3 n + 1 (as n is odd), which implies 
(GI >2n. We assume [Ail s [A;[. Put A =A; (note that A sA;). Applying 
Lemma 4 with A, x, and y, in place of A,, a, and u2, respectively, one gets a 
graph G* with the property that 
IAl - 1s JG*l < IAl + 2(<lGl), 
o,(G*) c @,(A, G) + (n - 1)/2, 
J?(G*)3nn@G)kn. 
Furthermore, we choose G* having the smallest possible a,(G*) (under the 
above conditions). As a,@, G) + n/2 s a,@, G) + a,(A, G) = o,(G), we have 
o,(G*) s o,(G) - 1. 
PutP=AnU, Q=A-P,p=IP]andq=\QJ.Then 
np s d(A, G) + (n - 1)q c (n - l)(q + l), 
implying q ap. 
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(2.1) It follows from the minimality of G that 
]]G*]/n] + n - 1 s a,(G*). 
As o,(G*)co,(G)-1~ ]/G//n] +n--3s ]]G*]ln] + LIAlln] +n-2, we 
have IAl s n. 
$[A1 s q s a,(A, G) = o,(G) - u&i, G) s o,(G) - a,(G*) + +(n - 1) 
=z ]]G]/n] - ]]G*]/n] - 1 + i(n - 1) s LIAllnj + t(n - l), 
yielding IAl s n + 1 as n 3 5, and a,(A, G) s (n + 1)/2. Thus 12 c IAl 6 n + 1 and 
q = a,(A, G) = (n + 1)/2. 
On the other hand, ](n - 1)/p] + q s n, we have IZ - m s q = (n + 1)/2, 
implying II < 5. Hence n = 5, IAl = 5, q = 3 and p = 2. Suppose P = {x,, w}, then 
e(xi, A; G) = e(w, A; G) = 2. Consider graph G’ = G + [xi, w] - Q. It is easily 
seen that i(G’) z= n + L(G) 2 II. The conditions of the theorem still hold for G’, 
contradicting the choice of G. 
(2.2) The minimality of G yields 
]2]G*]/n] + n - 3 c o,(G*). 
It is easy to check 
4GI 
l-J{ 
= [2]A]/n] + [2(]A] - 1)/n] + 2 if 2lA( = sn - 1 and 2]A] = s’lz + 1, 
n c [2]A]/n] + [2(]A] - 1)/n] + 1 otherwise. 
We distinguish two cases. 
Case 1: ]2]G]ln] = [21Alln] + 1’2(I4 - 1)/n] +2. 
Then 2 IAl =sn - 1, s is odd. 
a,(A, G) = u,(G) - a&i, G) S u,(G) - u,(G*) + t(n - 1) 
< ]2]G]/n] - ]2]G*]In] - 1 + i(n - 1) s 12 [Al/n] + t(n + 1). 
Using &(A, G) 2 q 2 IAIL!, we obtain IAl(n - 4) s n(n + l), implying IAl G n + 
7 (as n 3 11). Since 2 IAl =sn - 1 (s is odd) and IAl sn/2, then 
IAl = (3n - 1)/2, u,(A, G) s 2 + (n + 1)/2. 
Thus IAl/ s q c u,(A, G) yields n s 11. If p C 5, then 
(3n - 1)/2 - 5 s q c 2 + (n + 1)/2, 
implying n c 8. If p 2 6, then q 2 n - 1 since ](n - 1)/p] + q 3 II. Therefore 
n - 1s q s 2 + (n + 1)/2, yielding n c 7. 
Case 2: 12 ]G]ln] c 12 IAlln] + 12 (IA] - 1)/n] + 1. 
Then 
u,(A, G) ss u,(G) - u,(G*) + (n - 1)/2 
c 12 ]G]/n] - 12 (G*]ln] - 1+ (n - 1)/2 
=z 12 IAllnj + (n - 1)/2. 
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As a,(A, G) sq 3 IA(/2 and IZ 2 11, we have IA( sn + 4. Write tn ~2 IAl < 
(t + 1)n where t is an integer. Then 1 s t =S 2. 
Subcase 2.1: t = 2. 
Then IAI>n, qc2+(n-1)/2. If pS3, then n-3~q~2+(n-1)/2, 
implying n < 9, and if p 3 4, using ](n - 1)/p] + q 2 n, we get n - (n - 1)/4 < 
2 + (n - 1)/2, implying n < 5. 
Subcase 2.2: t = 1. 
Then (n + 1)/2~ IAl <n, q =G u,(A, G) s (n + 1)/2. 
If p 22, then ](n - 1)/2] + q an, giving q 3 (n + 1)/2. Therefore q = 
(n + 1)/2 = a,(A, G), p = 2. Let .P = {x1, w}. Then e(x,, A; G) = (n - 1)/2 = 
e(w,A;G). Set G’=G+[xi, w] - Q. It is easy to verify that G’ satisfies the 
conditions of the theorem and @G’) 2 n+= x(G) 3 n, a contradiction. So 
P = {x,}, IAl - 1 = q s (n + 1)/2. Thus (n + 1)/2 s IAl s (n + 3)/2. 
Assuming IAl = (n + 1)/2, then q = (n - 1)/2, and u,(A, G) = (n + 1)/2 
because there is at least one y E Q with d(y, G) s (n - 1)/2 (as e(xi, A; G) 2 
it - q = (n + 1)/2 and e(Q, A; G) < n - 1 - (n + 1)/2 c (n - 3)/2). Then G’ = 
G - Q satisfies the conditions of the theorem and il(G’) 2 n+ i(G) 3 n, 
contradicting the choice of G. Therefore we have 
IAl = +(n + 3) q = a,(A, G) = i(n + l), and 
12 (G*l/n] + IZ - 3 = o,(G*) = a,@, G) + +(n - 1). 
Put B = {y E A: [x, y] E E(G), x E A}. Consider two possibilities. 
(i) IBJ > (n + 1)/2. 
Construct a graph G, from G[A] by adding a new vertex w and joining [w, b] 
for every b E B. Obviously, i(G,) 3 IZ+ X(G) 2 IZ since d(w, G,) c n - 1. 
a,(~, G,) = 1. As d(A, G) - d(w, G,) =z (n - 1)/2 - 1, 
u,(b, G,) d u,(b, G) + 1 for every b E B. 
Thus 
a,(& G,) s a,(& G) + (n - 1)/2 - 1, u,(GJ s a,(& G) + (n - 1)/2. 
By the choice of G*, u,(G,) = a,@, G) + (n - 1)/2, implying 
a,,(& G,) = a,@, G) + ;(n - 1) - 1, d(A, G) - d(w, G,) = +(n - 1) - 1, 
IB( = d(w, G,) = t(n + l), 
and furthermore 
d(b, A; G) = 2 for each b E B, except two vertices, say bl and bz. 
Construct graph G2 from G[A] as follows. Add two new vertices w and w’; join 
[w, w’], [w, b,], [w’, b2], [w, b] and [w’, b] for each b E B - {b,, b2}. 
Then it is easy to check that u,(Gz) = a,@, G) + 2 < a,@, G) + (n - 1)/2 and 
i(G2) 2 12 implies i(G) 2 n, contradicting the choice of G*. 
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(ii) (I31 < (n - 1)/2. 
As IBI 2 d(xI, G) - 4 2 (n - 1)/2, we have IBI = (n - 1)/2 and [x1, 61 E E(G) 
for each b E B. Set G, = G[A]. The choice of G* yields a,(B, G,) a on(B, G) + 
(n - 1)/2. Assuming the inequality is strict, then there is bO E B such that 
o,z@o, G,) = a,(& G) + 2, 
implying d(b,, G) > n but d(b,,, G,) < (n - 1)/2. Therefore e(b”, A; G) 2 
(n + 1)/2. Since d(A, G) sn - 1 and e(x,, A; G) = (n - 1)/2, we obtain 
e(b,, A; G) = ;(n + 1) d(bo, G) = n, d(bo, k - (6,); G) = i(n - l), 
and each [x, y] E E(A, 2; G) is incident to either xl or 6,. Consider Gz = G - Q. 
Then CT,&,, GJ = 2, O&J, G,) = 1, u,(G,) = a,@, G) + 3 < a&i, G) + 
(n - 1)/2, contradicting the choice of G*. Therefore 
u,(B, G,) = u,(B, G) + {(n - 1) and u,(b, C&) = o,(b, G) + 1 
for each b E B. 
Put Bi = {b E B: e(b, A; G) = i}, i = 1,2, and B, = B - B1 - BZ. Then JBIJ < 2. 
For otherwise consider G2 = G - Q. Then 
&,, Gz) = 2, o,(B, G2) =s o,(B, G) + ?(n - 1) - 3 
since a,(b, G2) = a,(b, G) for each b E B,. We have o,(GJc a,@, G) + 
(n - 1)/2 - 1, contradicting the choice of G*. Therefore lBsl S2 since d(A, 
G)sn-1=2IB(. 
Construct graph G3 from G - Q by adding a new vertex w and adding [w, x1], 
[w, b] for each b EB - B1. Then 0,(x1, G3) = 1, a,,(~, G,) c 2, o,(B, G3) =S 
u,,(B, G) + JB3) s u,(B, G) + 2. We have 
u,(G3) s u,(G) - $(n + 1) + 5 5 4(G) - 1 s 12 IGlln] + n - 5 
= L(2 lGsl + n - 1)/n] + n - 5 s 12 JGJ/n] + n - 4, 
contradicting the minimality of G. The proof is complete. q 
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